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The problem of a thin ﬁlm coated on an elastic layer and subject to a thermal variation is analytically
investigated in the present work. The analysis is developed in order to assess the mechanical behaviour
of a crystalline undulator designed for obtaining high emission radiations through channelling phenom-
enon. It consists in a plane silicon wafer alternately patterned with thin ﬁlms in silicon nitride on both
surfaces. The system adopts a periodic curvature as a result of the misﬁt strain due to the different ther-
mal expansivities of the layer and the ﬁlm. The problem is governed by an integral equation which can be
reduced to a linear algebraic system by approximating the unknown interfacial shear stress via series
expansion of Chebyshev polynomials.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The ‘‘channelling” phenomenon consists in a coherent, intense
and collimated electromagnetic radiations obtained by oscillations
of electrical charges conﬁned inside a properly deformed crystal-
line lattice. This is the basic principle of a crystalline undulator
(CU), a special device designed to generate coherent electromag-
netic waves (Guidi et al., 2005; Tabrizi et al., 2007), such as intense
and collimated X-rays and gamma-rays. This new MEMS device re-
cently found important applications in modern technology and
research, in particular for the realization of micro-electronic com-
ponents. For instance, it can be employed as collimated high-en-
ergy emittors in adrotherapy applications.
Variousmethods have been proposed to realize crystalline undu-
lators (see references reported in Guidi et al. (2007)), among these, a
hopeful technique consists in patterning both sides of a plane silicon
(Si) wafer coated with a thin ﬁlm in silicon nitride (Si3N4) through a
low pressure chemical vapour deposition (LPCVD) (Guidi et al.,
2005). The depositionprocess takes place in a furnace at the temper-
ature of approximately 800 C. Once the deposition of Si3N4 ﬁlm is
completed, the object is cooled to roomtemperature. Due to themis-
match between the coefﬁcients of thermal expansion (CTE) of the
substrate and of the ﬁlm, a thermally induced deformation occurs
within the two materials (Torun and Urey, 2006), thus producing a
periodic deﬂection of the silicon wafer which can be exploited as a
CU. Itmust be remarked thatmismatch of thermal expansion coefﬁ-
cientsof the twomaterials isnot theonly reason for thedevelopmentll rights reserved.
i).of induced stresses and deformations. In fact, residual stresses of
intrinsic nature also occurduring the process of ﬁlmdeposition (Fre-
und and Suresh, 2004) and their contribution is usually dominant.
Due to the difﬁculty to correctly evaluate this kind of stresses, an
additional thermalvariation isusually supplied to theactual thermal
variation caused by the cooling process, in order to induce the total
residual stress experimentally observed in the ﬁlm (Guidi et al.,
2007).
Many studies concerning the contact problem between a single
or periodically distributed thin ﬁlms coated on an elastic substrate
can be found in literature (e.g. Arutiunian, 1968; Arutiunian and
Mkhitarian, 1969; Morar and Popov, 1971; Erdogan and Gupta,
1971; Shield and Kim, 1992; Villaggio, 2001; Alaca et al., 2002).
In these references, the strain in the substrate is expressed in
closed form, by using the fundamental solution (i.e. Green func-
tion) for a homogeneous half plane loaded by a tangential point
force acting at the boundary. Among these studies, the work by
Erdogan and Gupta (1971) is one of the earliest and most relevant
to thin ﬁlms, where singular shear stresses between an elastic stiff-
ener and a half plane are determined by solving a compatibility
equation in the form of a singular integral equation. Later, Shield
and Kim (1992) extended this analysis by imparting bending stiff-
ness to the ﬁlm to incorporate normal tractions in addition to
interfacial shear. Both analyses employ a series approximation
method, similarly to the approach adopted in the present work.
The ﬁrst attempt to relate the residual ﬁlm stress to the curva-
ture of a bilayer ﬁlm/substrate system was performed by Stoney
(1909). His equation has been adopted extensively and often arbi-
trarily applied to cases of practical interest where the underlying
assumptions are violated. Stoney’s analysis is indeed limited to the
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Fig. 1. Single ﬁlm coated on the surface of an inﬁnite elastic layer.
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tially constant and uniform over the system’s surface. Therefore,
Stoney’s formula cannot be used for the CU structure, since the dis-
crete distribution of the ﬁlms on the layer surface clearly violates
the uniformity assumptions of Stoney’s analysis. Actually, it is al-
ways possible to apply Stoney’s results pointwise, and thus
extracting a local value of residual stress from a local measurement
of the system curvature, even if the accuracy of this approach is ex-
pected to deteriorate as the levels of curvature nonuniformity be-
come more severe.
The problem of elastic stiffners bonded to an elastic strip has
been studied for speciﬁc loading conditions and geometries. In
particular, Antipov and Arutiunian (1993) studied the problem of
an elastic layer constrained to a rigid foundation at its lower sur-
face and reinforced by a ﬁnite or inﬁnite thin elastic stiffner
bonded to its upper surface and subject to a uniform pressure
and to an extension by forces concentrated at the tips. Hsueh
(2002) formulated an exact closed-form solution for stress distri-
bution in multilayer systems subjected to both residual stresses
and external bending. Many contact and crack problems for an
elastic strip have been studied (e.g. Conway et al., 1966; Antipov,
1993; Aleksandrov, 2006). However, the problem of a ﬁnite or inﬁ-
nite elastic strip coated with thin ﬁlm on its surfaces and subject
to a thermal variation cannot be found in literature. Therefore,
the aim of the present work is to develop analytical solutions to
evaluate the mechanical behaviour of a CU having sub-millimetric
undulation period. The results will provide useful informations for
the design of the CU structure, concerning the length of the covers,
the thickness of the substrate and the spacing between the covers,
in order to obtain a transversal deformation which would render
the device utilizable to produce undulation radiation (UR).
In this paper, the problems of a single or periodically distributed
thin ﬁlms coated on the surface of an elastic layer have been con-
sidered. The system is subject to an ‘‘equivalent” thermal variation
determined on the basis of experimental measures of the residual
stress in the ﬁlm (Wolf et al., 2003) performed by X-ray diffraction
(XRD) technique. This equivalent thermal variation accounts for
the difference between the CTE of the two materials as well as
for the intrinsic stresses induced by the deposition process (Freund
and Suresh, 2004).
Since the thickness of the ﬁlm is assumed very small com-
pared to that of the layer, the variations in the stress level with-
in the ﬁlm thickness can be neglected. By assuming perfect
adhesion between the ﬁlms and the layer, an integral equation
is obtained and solved by expanding the unknown shear stress
in series of Chebyshev polynomials of the ﬁrst kind. The integral
equation is thus reduced to an inﬁnite system of algebraic equa-
tions, which is solved for the unknown coefﬁcients of the series
expansion. Once the coefﬁcients are found, the analytical expres-
sion of the displacement and stress ﬁelds can be obtained. The
results are then veriﬁed by using ﬁnite element method (FEM).
Note that an integrable stress singularity occurs at the edges
of the cover (Erdogan and Gupta, 1971).
The paper is organized as follows. In Section 2, the problem of a
thin elastic ﬁlm perfectly bonded to the surface of an inﬁnite elas-
tic layer is considered and solved by using Fourier transforms. Suc-
cessively, in Section 3 the problem of a periodically coated elastic
layer is solved by performing a Fourier series expansion of the
layer displacements. The problem of an elastic layer of ﬁnite length
with a single or two elastic ﬁlms symmetrically coated on its sur-
face is studied in Section 4, by using the approach introduced in
Section 3. The solution for a CU with three ﬁlms coated on one side
and two on the other is then presented. Analytic solutions in terms
of displacements have been compared with the numerical results
in order to validate the theoretical models. Finally, conclusions
are drawn in Section 5.2. Single ﬁlm bonded to an inﬁnite elastic layer
In the present section, the problem of a single elastic ﬁlm of
width 2a and thickness d coated on the surface of a linear elastic
layer with thickness h d, is investigated under plane strain condi-
tions. Reference is made to a Cartesian coordinate system (O,x,y)
centred at the interface below themiddle of the ﬁlm, with the y axis
directed towards the elastic substrate (see Fig. 1). Both the substrate
and the ﬁlm are considered homogeneous and isotropic bodies dis-
playing linear elastic behaviour. In particular, let E0 and m0 denote
the Young modulus and Poisson ratio of the ﬁlm, whereas E, G and
m are the Young modulus, shear modulus and Poisson ratio of the
elastic layer. The stress components in the layer obtained from lin-
ear elastic and isotropic constitutive relations, under plane strain
conditions, and kinematic compatibility relations are:
rxx ¼ 2G1 2m ½ð1 mÞu;x þ mv ;y;
ryy ¼ 2G1 2m ½ð1 mÞv ;y þ mu;x;
sxy ¼ Gðu;y þ v ;xÞ;
ð1Þ
where u(x,y) and v(x,y) are the displacement components along the
directions of the x and y axes due to the elastic deformations, and «,»
denotes the spatial derivative.
The system is subjected to a residual thermal stress generated
during the process of ﬁlm deposition. The contact region between
the ﬁlm and the substrate coincides with the length of the ﬁlm,
since perfect adhesion is assumed at the interface.
Since the thickness d of the ﬁlm is very thin with respect to the
layer thickness h, namely d h, then the bending stiffness of the
ﬁlm can be neglected. In this case, signiﬁcant peel stresses do not
build up in the direction normal to the ﬁlm and thus only interfa-
cial shear stress will be exchanged across the contact region. In-
deed, the bending stiffness gives a signiﬁcant contribution only if
the coating is thick enough (Shield and Kim, 1992). In this case,
neglecting the bending stiffness of the ﬁlm may provide inaccurate
shear stress predictions.
The problem is governed by the equations of equilibrium in
terms of displacements:
2ð1 mÞu;xx þ ð1 2mÞu;yy þ v ;xy ¼ 0;
ð1 2mÞv ;xx þ 2ð1 mÞv ;yy þ u;xy ¼ 0:
ð2Þ
The vanishing of tractions must be imposed on the free surface
of the layer, out of the contact zone, namely for jxj > a. Therefore,
the following boundary conditions must be imposed:
ryyðx; 0Þ ¼ 0; ryyðx;hÞ ¼ 0; sxyðx;hÞ ¼ 0 for 1 < x <1; ð3Þ
sxyðx; 0Þ ¼ 0 for j x j> a: ð4Þ
The condition of perfect adhesion between the layer and the
ﬁlm requires that the stress components ryy and sxy and the dis-
placements must be continuous across the interface. Moreover,
the horizontal displacement of the ﬁlm must coincide along the
contact region with that of the layer surface, and thus the strains
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to elastic and thermal deformations under plane strain conditions,
must also be equal, namely
u;xðx;0Þ  ð1þ mÞaDT ¼ 1 m
2
0
E0d
Z a
x
sxyðn;0Þdn ð1þ m0Þa0DT
for j x j6 a; ð5Þ
where a and a0 are the CTE of the silicon and silicon nitride, respec-
tively, and DT is the thermal variation of the system due to the
cooling process (Alaca et al., 2002). Therefore, the following condi-
tion must be considered together with (3) and (4)
u;xðx;0Þ ¼ 1 m
2
0
E0d
Z a
x
sxyðn;0Þdn De for j x j6 a; ð6Þ
where
De ¼ ½ð1þ m0Þa0  ð1þ mÞaDT ð7Þ
is the misﬁt strain originated by the thermal variation and due to
the differences between the CTE and Poisson ratio of the two
materials.
In this work, we assume that the residual stress arises not only
from a uniform temperature change, DT, which acts on the two
materials, but also from intrinsic effects which develop during
the deposition. Therefore, in our calculations an equivalent thermal
variation DT is taken, such that it will produce an amount of stress
equal to the residual stress, r0, experimentally measured by XRD
technique, given by (Wolf et al., 2003)
DT ¼ r0 1 m0E0Da : ð8Þ
In the following, the elastic constants and CTE for the (LPCVD)
silicon nitride ﬁlm are assumed in agreement with the values mea-
sured by Tabata et al. (1989), namely E0 = 290 GPa, m0 = 0.25 and
a0 = 5  106 C1. As known, silicon is an anisotropic material
with cubic symmetry. In order to develop isotropic analysis, the
following constants for a silicon wafer with (111) orientation are
assumed for the substrate: E = 170 GPa, m = 0.162 and
a = 3  106 C1 (Wortman and Evans, 1965; Brantley, 1973).
In that follows, we will assume a residual stress r0 = 0.80 GPa.
According to (7) and (8), the corresponding misﬁt strain and the
equivalent thermal variation turn out to be De = 3.064  103,
DT = 1000 C.
Due to the symmetry of the problem, the displacements u(x,y)
and v(x,y) can be expressed as Fourier sine and cosine transforms
with respect to the variable x:
uðx; yÞ ¼ 2
p
Z 1
0
Uðs; yÞ sinðsxÞds;
vðx; yÞ ¼ 2
p
Z 1
0
Vðs; yÞ cosðsxÞds;
ð9Þ
being s a real variable. The introduction of displacements (9) in the
equilibrium equations (2) gives the following two homogeneous
ODEs for the functions U and V:
ð1 2mÞU00  2s2ð1 mÞU  sV 0 ¼ 0;
2ð1 mÞV 00  s2ð1 2mÞV þ sU0 ¼ 0;
(
ð10Þ
where the apex denotes the derivative with respect to y. If the
unknown functions are sought in the form U(s,y) = A(s)eay and
V(s,y) = B(s)eay, then (10) reduces to an eigenvalue problem which
admits the following solution for U and V:
Uðs; yÞ ¼ ðA1 þ A2yÞ sinhðsyÞ þ ðA3 þ A4yÞ coshðsyÞ; ð11Þ
Vðs; yÞ ¼ 3 4m
s
A2  A3  A4y
 
sinhðsyÞ
þ 3 4m
s
A4  A1  A2y
 
coshðsyÞ; ð12Þwhere the functions Ai(s), for i = 1, 2, 3 and 4, depend on s only.
Then, conditions (3) yield the following relations between the func-
tions Ai:
A1 ¼ 21 ms  h
2scsch2ðshÞ
 
A4;
A2 ¼ ½shcsch2ðshÞ  cothðshÞA4;
A3 ¼ 21 ms A2:
ð13Þ
By using (11)–(13), the horizontal displacement (9)1 and the
shear stress (1)3 for y = 0 can be written in terms of the function
A4, namely
uðx;0Þ¼4ð1mÞ
p
Z 1
0
A4ðsÞ½cothðshÞþ shcsch2ðshÞsinðsxÞ =sds;
ð14Þ
sxyðx;0Þ¼4Gp
Z 1
0
A4ðsÞ½1ðshÞ2csch2ðshÞsinðsxÞds: ð15Þ
By using the expressions (14) and (6), after some manipulations, Eq.
(6) becomesZ 1
0
AðsÞ f ðsÞ cosðsxÞ  c
sh
cosðsaÞ
h i
ds ¼ p
4
De for j x j6 a; ð16Þ
where
AðsÞ ¼ ½1 ðshÞ2csch2ðshÞA4ðsÞ;
f ðsÞ ¼ ð1 mÞ sinhðshÞ coshðshÞ  sh
sinh2ðshÞ  ðshÞ2
þ c
sh
; ð17Þ
c ¼ Gh
E0d
ð1 m20Þ:
The interfacial shear stress sxy(x, 0) can be approximated by a
series of Chebyshev polynomials of the ﬁrst kind by assuming a
square root singularity at the tips of the cover, namely for x = ±a
(Erdogan and Gupta, 1971):
sxyðx; 0Þ ¼ 2Gﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðx=aÞ2
q X1
n¼1;3
CnTnðx=aÞ for j x j6 a; ð18Þ
being Tn(n) the Chebyshev polynomials of the ﬁrst kind of order n.
Note that C0 = 0 in the series expansion (18), due to the equilibrium
condition for the ﬁlm, namelyZ a
a
sxyðx;0Þdx ¼ 0: ð19Þ
Note also that the shear stress representation (18) also satisﬁes
the boundary condition (4), since Tn(n) = 0 for jnj > 1.
By using Eqs. (15), (18) and the expansion (A11)2, the function
A(s) deﬁned in (17)1 can be written in terms of the unknown coef-
ﬁcients Cn, namely
AðsÞ ¼ 1
2G
Z a
0
sxyðx;0Þ sinðsxÞdx
¼ ap
2
X1
n¼1;3
ð1Þðn1Þ=2CnJnðsaÞ; ð20Þ
where Jn is the Bessel function of the ﬁrst kind of order n. The intro-
duction of relation (20) into Eq. (16) yieldsZ 1
0
AðsÞf ðsÞ cosðsxÞds ¼ p
4
De for j x j6 a; ð21Þ
since from (A.12) it follows thatZ 1
0
ðsaÞ1JnðsaÞ cosðsaÞds ¼ 0 for n odd: ð22Þ
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jxj 6 a follows from (A.10)1 as (Abramowitz and Stegun, 1970)
cosðsxÞ ¼ J0ðsaÞ þ 2
X1
k¼2;4
ð1Þk=2JkðsaÞTkðx=aÞ for j x j6 a: ð23Þ
Then, relation (21) provides the following linear algebraic system
for the unknown coefﬁcients Cn:X1
n¼1;3
BknCn ¼ De2a dk0 for k ¼ 0;2; . . . ; ð24Þ
where dk0 is the Kronecker delta and
Bkn ¼ ð1Þðn1Þ=2
Z 1
0
f ðsÞJnðsaÞJkðsaÞds: ð25Þ
In order to evaluate the coefﬁcients Bkn of the system (24), it is
useful to investigate the behaviour of the function
wðxÞ ¼ sinh x cosh x x
sinh2 x x2
; ð26Þ
which appears in the deﬁnition (17)2. The functionw(x) is plotted in
Fig. 2, together with its power series expansion up to order 7 given
by
w^7ðxÞ ¼ 2x þ
2
15
xþ 2
1575
x3  4
23625
x5 þ 146
27286875
x7: ð27Þ
The function w(x), plotted in Fig. 2, is singular at x = 0, it mono-
tonically decreases and asymptotically tends to 1 as x?1. Note
that w(x) is very close to 1 just for x > 4, since w(4) = 1.017.
By using relations (A13), the coefﬁcients Bkn in (23) can be eval-
uated as follows:
Bkn ¼ ð1 mÞð1Þðn1Þ=2Z u
0
½w^mðshÞ  1JnðsaÞJkðsaÞdsþ
ð1Þðjknj1Þ=2
2a
( )
 2cð1Þ
k=2
phðk2  n2Þ
;
ð28Þ
where w^mðxÞ denotes the power series expansion of the function
w(x) up to order m about the point x = 0. The integral in the expres-
sion (28) is evaluated numerically. The parameter u is chosen such
that w(sh) well approximates the value 1 for sP u, namely
w(uh)  1 < q, with q sufﬁciently small. In particular, for
h = 0.2 mm and u = 20 mm1, then q = 1.7  102. Moreover, the
coefﬁcients Bkn can be accurately approximated by considering a0     1  2   3  4  5  6  
x
0 
6 
8 
4 
2 
10 
w(x)
7ˆ ( )w x
Fig. 2. Graphs of the functions w(x) and w^7ðxÞ.power series expansion of the function w(x) up to order m = 7, for
x < uh = 4.
Once the coefﬁcients Cn are found, the displacement and stress
ﬁelds in the layer can be determined through the expressions (14)
and (15), by using (17) and (20), as
uðx;0Þ ¼ 2ð1 mÞa
XN
n¼1;3
ð1Þðn1Þ=2Cn
Z 1
0
½coshðshÞ sinhðshÞ  sh
sinh2ðshÞ  ðshÞ2
 JnðsaÞ
s
sinðsxÞds;
vðx; 0Þ ¼ a
XN
n¼1;3
ð1Þn12 Cn
Z 1
0
ð1 2mÞ þ ðshÞ2csch2ðshÞ
1 ðshÞ2csch2ðshÞ
JnðsaÞ
s
 cosðsxÞds:
ð29Þ
The series expansions have been truncated to 20 terms (i.e.
N = 39). Vertical and horizontal displacements due to the elastic
deformations of the layer surface at y = 0 are reported in Fig. 3,
respectively, for a = 0.05 mm, h = 0.2 mm, d = 400 nm,DT = 1000 C.
As it can be observed in Fig. 3, the analytical solution agrees
fairly well with the results obtained by FEM analysis performed
by using the software Straus7 ﬁnite element analysis system.
A comparison of the values of ﬁlm stress furnished by the
analytic model with the predictions provided by Stoney law is
reported in Table 1 for different substrate and coating thickness
(R represents the local value of radius of curvature at the centre
of the layer). As it can be observed, a large agreement occurs between
the predictions indicating that Stoney law can be locally applied in
case of nonuniform curvature also. As expected, the difference
between the results increases increasing the ﬁlm thickness.
3. Periodic contact problem
In this section, the problem of a periodically coated elastic layer
of thickness h is discussed (see Fig. 4). The ﬁlms of width 2a are
distributed on the upper and lower surfaces of the elastic layer at
distance 2l. The problem is governed by the equilibrium equations
(2) along the horizontal and vertical directions in terms of dis-
placements, together with the boundary conditions implied by
symmetry and periodic properties of the structure, namely
uð0; yÞ ¼ uðl; yÞ ¼ 0; sxyð0; yÞ ¼ sxyðl; yÞ ¼ 0
for 0 6 y 6 h; ð30Þ
ryyðx; 0Þ ¼ 0; ryyðx;hÞ ¼ 0 for j x j6 l: ð31Þ-12 
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Fig. 3. Horizontal and vertical displacements of the layer surface.
Table 1
Comparison between values of ﬁlm stress provided by the analytic model and Stoney
law.
h–d (mm) R (m) r0 by Stoney law (GPa) r0 by present model (GPa)
0.2–100 11.36 1.025 1.010
0.2–200 5.68 1.024 1.017
0.2–400 3.13 0.931 1.030
0.3–100 28.76 0.911 1.010
0.3–200 14.47 0.910 1.016
0.3–400 7.33 0.893 1.028
E0, ν0, α0
l
y
a
δ
x
a
a a
l
h
E, ν, α
−ΔΤ −ΔΤ
−ΔΤ
Fig. 4. A periodically coated elastic layer.
1406 L. Lanzoni, E. Radi / International Journal of Solids and Structures 46 (2009) 1402–1412Also, the condition (6) of perfect adherence between the ﬁlm
and the layer must be imposed at y = 0 and jxj 6 a, together with
a similar condition which holds at y = h for l  a 6 jxj 6 l, namely
u;xðx;hÞ ¼ 1 m
2
0
E0d
Z l
x
sxyðn;0Þdn De for l a 6 x 6 l; ð32Þ
In this case, the displacement ﬁeld of the elastic substrate is
approximated by the following Fourier series expansions:
uðx; yÞ ¼ l
X1
n¼1;3;
UnðyÞ sinnpxl ;
vðx; yÞ ¼ l
X1
n¼1;3;
VnðyÞ cosnpxl :
ð33Þ
Note that the horizontal displacement (33)1 satisﬁes conditions
(30)1. Similarly to Eqs. (11) and (12), Eq. (2) provide the following
displacement amplitudes:
UnðyÞ ¼ A1n þ A2n yl
 
sinh
npy
l
þ A3n þ A4n yl
 
cosh
npy
l
;
VnðyÞ ¼ 3 4mnp A2n  A3n  A4n
y
l
 
sinh
npy
l
þ 3 4m
np
A4n  A1n  A2n yl
 
cosh
npy
l
;
ð34Þ
being Ain constants of integration (i = 1,2,3,4). By using (1)2, (33)
and (34), the boundary conditions (31) lead to the following
relations:
A3n ¼ 21 mnp A2n;
A1n ¼ hl A2n þ 2
1 m
np
 h
l
coth
nph
l
 
A4n:
ð35Þ
The interfacial shear stress on both layer surfaces can be deter-
mined from the constitutive relation (1)3 and relations (33)–(35),
namely
sxyðx;0Þ ¼ 2G
X1
n¼1;3;
1 nph
l
coth
nph
l
 
A4n  nphl A2n
 
sin
npx
l
;
sxyðx;hÞ ¼ G
X1
n¼1;3;
2sinh2
nph
l
A2n þ sinh2nphl 
2nph
l
 
A4n
 
 cschnph
l
sin
npx
l
:
ð36ÞSince the distribution of the tangential stress along the interface
between each ﬁlm and the layer must be the same, namely
sxy(x,0) = sxy(l  x, h) for 0 6 x 6 l, by using (36), one obtains
A4n ¼ A2n cothnph2l ; ð37Þ
and thus the shear stress can be expressed in terms of the inﬁnite
set of integration constants A2n (for n = 1,3, . . .) as
sxyðx; 0Þ ¼ G
X1
n¼1;3;
A2nbn sin
npx
l
; ð38Þ
being
bn ¼
nph
l
 sinhnph
l
 
csch2
nph
2l
: ð39Þ
As in previous section, interfacial shear stress is assumed in the
form (18) for jxj 6 a and
sxyðx; hÞ ¼ 2Gﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 lxa
	 
2q
X1
n¼1;3
CnTn
l x
a
 
for l a 6j x j6 l: ð40Þ
By comparing Eqs. (38) and (18), and using the properties of
Chebyshev polynomials and trigonometric functions, after some
algebraic manipulations one may ﬁnd the following relations
between the sets of constants Cn and A2n (n = 1,3, . . .):
A2n ¼ 2 aplbn
X1
m¼1;3;
ð1Þðm1Þ=2CmJmðsnÞ where sn ¼
npa
l
: ð41Þ
The introduction of (33)1, (34)1 and (35)1 in the conditions of
perfect adherence between the ﬁlms and the layer, (6) and (32),
yields
2ð1 mÞ
X1
n¼1;3
A2n cos
npx
2l
¼ 1 m
2
0
E0d
Z a
x
sxyðn;0Þdn De
for j x j6 a: ð42Þ
By using expression (18) for sxy(n,0), multipling the resultant
equation (42) by the Chebyshev polynomials of the second kind
Uk1(n) and then integrating for n ranging between 1 and 1, Eq.
(42) leads to the following relation:
2ð1 mÞ
X1
n¼1;3
HknA2n ¼ ðvpCk  2DeÞ=k; ð43Þ
where
Hkn ¼
Z 1
1
cosðsnnÞUk1ðnÞdn; v ¼ GaE0d ð1 m
2
0Þ: ð44Þ
By using the properties of Chebyshev polynomials and relations
(A5) and (A11)1, the coefﬁcients Hkn become
Hkn ¼ 2k J0ðsnÞ þ 4
X1
i¼2;4;
ð1Þi=2JiðsnÞ
k
k2  i2
with k ¼ 1;3; . . . ð45Þ
The convergence of the series in (45) depends on the parameters sn.
In the following, a number of 20 terms is used for evaluating the
coefﬁcients Hkn.
Finally, the introduction of relation (41) in Eq. (43) yields the
following linear algebraic system for the coefﬁcients Cj:
4ð1 mÞ
X1
n;j¼1;3
HknDnj
bn
Cj ¼ ðvpCk  2DeÞ=k; k ¼ 1;3; . . . ; ð46Þ
where
Dnj ¼ apl ð1Þ
ðj1Þ=2JjðsnÞ ð47Þ
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Fig. 5. Horizontal and vertical displacements of the layer surface for a = 0.08 mm.
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tem (46) is solved for the coefﬁcients Cj, then (41) gives the integra-
tion constants A2m. Then, the analytic expressions for the
displacement and stress ﬁelds follow from (33)–(37).
The vertical and horizontal surface displacements at y = 0 are
plotted in Fig. 5 for a = 0.08 mm, l = 0.16 mm, h = 0.15 mm,
d = 150 nm, DT = 1000 C. In this case also, a reasonable agreement
between analytical and numerical results can be observed. Hori-
zontal and vertical surface displacements are also plotted in
Fig. 6a and 6b, respectively, for the same previous parameters,
but for three different values of the half length a of the ﬁlms.
One can see that the maximum of the displacement amplitudes
is reached for a = l/2, namely when the ends of upper and lower
ﬁlms are aligned.
4. Films coated on the surface of an elastic layer of ﬁnite length
In the following, a ﬁnite layer of length 2l and thickness h with
elastic ﬁlms perfectly coated on its surface is considered.u
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First, the case of a single elastic ﬁlm coated at the centre of the
upper layer surface, as depicted in Fig. 7, is investigated. The verti-
cal translations are restrained at x = ±l and y = 0. The following
boundary conditions must be considered at the upper and lower
surfaces of the layer:
ryyðx; 0Þ ¼ 0; ryyðx;hÞ ¼ 0; sxyðx;hÞ ¼ 0 for  l 6j x j6 l; ð48Þ
sxyðx; 0Þ ¼ 0 for j x j> a; ð49Þ
together with the condition of perfect adherence (6) between layer
and ﬁlm. Moreover, vanishing of tractions must be imposed at both
layer ends, namely
rxxðl; yÞ ¼ 0; sxyðl; yÞ ¼ 0 for 0 6 y 6 h: ð50Þ
Similarly to the expressions (33), the displacements are repre-
sented in the form of Fourier series expansions:
uðx; yÞ ¼ l
X1
n¼1;3
UnðyÞ sinnpx2l ; vðx; yÞ ¼ l
X1
n¼1;3
VnðyÞ cosnpx2l ; ð51Þ
which satisfy symmetry conditions and (50)1. The introduction of
(51) in the equilibrium equations (2) yields the following expres-
sions for the displacement amplitudes:
UnðyÞ ¼ A1n þ A2n yl
 
sinh
npy
2l
þ A3n þ A4n yl
 
cosh
npy
2l
;
VnðyÞ ¼ 23 4mnp A2n  A3n  A4n
y
l
 
sinh
npy
2l
þ 23 4m
np
A4n  A1n  A2n yl
 
cosh
npy
2l
:
ð52Þ
Conditions (48) imply the following relations between the con-
stants Ain (i = 1,2,3,4):
A1n ¼ 4ð1 mÞnp 
npðh=lÞ2
coshðnph=lÞ  1
" #
A4n;
A2n ¼ ðnph=lÞ  sinhðnph=lÞcoshðnph=lÞ  1 A4n;
A3n ¼ 4ð1 mÞnp A2n:
ð53Þ
By using (51)–(53), the contact shear stress (1)3 and the hori-
zontal strain at y = 0 becomex  axis  [mm] 
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X1
n¼1;3
fnA4n sin
npx
2l
;
u;xðx;0Þ ¼
X1
n¼1;3
gnA4n cos
npx
2l
;
ð54Þ
respectively, where
fn ¼ 1 ðnph=lÞ
2
2½coshðnph=lÞ  1 ;
gn ¼ 2ð1 mÞ
ðnph=lÞ  sinhðnph=lÞ
coshðnph=lÞ  1 :
ð55Þ
The contact shear stress between the ﬁlm and the underlying
elastic layer can be assumed in the same form (18) considered in
Section 2 for the problem of an inﬁnite layer. Then, by comparing
the series expansions (54)1 and (18) for the shear stress sxy(x, 0),
the constants A4n can be expressed in terms of the unknown coef-
ﬁcients Cm:
A4n ¼ palfn
X1
m¼1;3
ð1Þðm1Þ=2CmJmðsnÞ being sn ¼
npa
2l
: ð56Þ
By using (54)1 and the result (A.7)1, the strain compatibility be-
tween the layer and the ﬁlm required by Eq. (6) gives
X1
n¼1;3
gnA4n cos
npn
2l
¼ Deþ 2v
X1
m¼1;3
Cm
m
Um1ðnÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
q
for j n j6 1; ð57Þ
where n = x/a. Multiplication of Eq. (57) by Uk1(n), with k = 1,3, . . .,
and subsequent integration for n ranging between 1 and 1, by
using the orthogonality property (A.4) of the Chebyshev functions
of second kind and the result (A.5), give
X1
n¼1;3
gnA4nHkn ¼ ðvpCk  2DeÞ=k for k ¼ 1;3; . . . ;1; ð58Þ
where Hkn and v are given by (44). The introduction of expression
(56) for A4n into Eq. (58) yields the following linear algebraic system
for the unknown coefﬁcients Cj:X1
n¼1;3
Hkn
fn
gn
X1
j¼1;3
DnjCj ¼ ðvpCk  2DeÞ=k; k ¼ 1;3; . . . ;1; ð59Þ
where fn, gn and Dnj are deﬁned in (55) and (47). Finally, the solution
of the linear system (59) provides the coefﬁcients Cj in the series
expansion (18) for the shear stress.
The horizontal and vertical surface displacements, at y = 0, are
plotted in Fig. 8 for a = 0.05 mm, l = 0.8 mm, h = 0.20 mm,
d = 400 nm, DT = 1000 C.
It can be observed that the analytical results agree well with the
numerical solutions. As expected, Fig. 8 shows that the maximum
difference among the numerical and analytical solutions occurs in
correspondence of the ﬁlm edges, where the strain ﬁeld is singular.
Note also that the shear stress does not identically vanish along the
layer edges at x= ±l, as required by condition (50)2. However, its
magnitude is much smaller than the shear stress originating along
the interface, as it can be observed from Fig. 9a and b, where theshear stresses along the interface at y = 0 and at the edges of the
layer are plotted. Moreover, it is clear from this plot that shear
stress is small everywhere except for the close proximity of the
ﬁlm edges, at x = ±a, where it quickly builds up.
4.2. Two ﬁlms symmetrically coated on the surface of a ﬁnite layer
Here, the problem of two elastic ﬁlms symmetrically coated on
the upper surface of a layer of ﬁnite length 2l is considered, as de-
picted in Fig. 10. The distance between the middles of the two ﬁlms
is denoted by 2p. Vertical translations are restrained at the ends
x = ±l at y = 0. Moreover, the following boundary conditions are
considered:
ryyðx;0Þ ¼ 0; ryyðx;hÞ ¼ 0; sxyðx; hÞ ¼ 0 for  l 6j x j6 l; ð60Þ
sxyðx; 0Þ ¼ 0 for j x j< p a and j x j> pþ a: ð61Þ
The strain compatibility between the layer and the ﬁlms is im-
posed by the condition
u;xðx;0Þ ¼ 1 m
2
0
E0d
Z pþa
x
sxyðn;0Þdn De for p a 6 x 6 pþ a;
Also, the tractions at both edges of the layer must vanish as re-
quired by conditions (50). If the displacements are represented by
the Fourier series expansions (51), then equilibrium equations (2)
yield the displacement amplitudes (52). Moreover, the boundary
conditions (60) imply relations (53) between the integration con-
stants Ain (i = 1,2,3,4) and, thus, the contact shear stress (1)3 and
the horizontal strain on the layer surface at y = 0 assume the
expressions in (54), where fn and gn are deﬁned in (55).
The shear stress between the coating, centred at a distance p
from the middle of the CU, and the layer can be approximated in
the form
sxyðx; 0Þ ¼ 2Gﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 xpa
	 
2q
X1
n¼1;3
CnTn
x p
a
 
for p a 6j x j6 pþ a:
ð63Þ
As before, by equating Eq. (54)1 and (63), the constants A4n can
be found in terms of the unknown coefﬁcients Cn:
A4n ¼ 2palfn cos p^n
X1
m¼1;3
ð1Þm12 CmJmðsnÞ;
being p^n ¼ npp2l ; sn ¼
npa
2l
: ð64Þ
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p  a 6 x 6p + a, yields an equation similar to (58), where v is
given by (44) and
Hkn ¼
Z 1
1
cosðp^n þ snnÞUk1ðnÞdn: ð65Þ
The introduction of expression (64) for A4n into Eq. (58) yields
the following linear algebraic system for the unknown coefﬁcients
Cj:
2
X1
n;j¼1;3
gnHknDnj cos p^n
fn
Cj ¼ ðvpCk  2DeÞ=k; k ¼ 1;3; . . . ; ð66Þ
where Dnj is deﬁned in (47). The solution of the linear system (66)
provides the coefﬁcients Cj.
The horizontal and vertical surface displacements at y = 0 are
plotted in Fig. 11 for a = 0.08 mm, l = 0.48 mm, p = 0.16 mm,
h = 0.15 mm, d = 200 nm, DT = 1000 C. It can be observed that
the analytical results agree reasonably well with the numerical
solutions. Similarly to Figs. 8 and 11 shows that the maximum dif-
ference between numerical and analytical solutions occurs in cor-
respondence of the ﬁlm edges, where the strain ﬁeld is singular.
From Fig. 12b, it can be observed that the shear stress does not
identically vanish along the layer edges at x = ±l, as required by
condition (50)2. However, its magnitude is much smaller than
the shear stress originating along the interface plotted in
Fig. 12a, which quickly grows up in proximity of the ﬁlm edges.
4.3. Crystalline undulator
The analytical models discussed in Sections 4.1 and 4.2 can be
employed to predict the mechanical behaviour of a CU with a givennumber of ﬁlms symmetrically coated on its surfaces. In the pres-
ent section, the displacements of a CU with three ﬁlms on the
upper surface and two on the lower surface, as showed in
Fig. 13, are calculated by assuming h = 0.2 mm, d = 400 nm,
p = 0.25 mm and a = p/2 = 0.125 mm, l = 0.75 mm. Results are com-
pared with those obtained from numerical FE analysis. The results
shown in Figs. 14,15 are obtained by considering 50 terms in the
series expansion. Symmetry conditions hold for negative x coordi-
nate. Horizontal and vertical displacements at the midplane and on
the upper surface of the CU are plotted in Fig. 14. It can be observed
that the variation of the vertical displacement at the midplane of
the CU is almost sinusoidal with period coinciding with the inter-
val 2p between the middles of the ﬁlms. In particular, if the thick-
ness h of the silicon wafer is 200 lm and that of the silicon nitride
ﬁlm is 400 nm the equivalent thermal variation yields a transversal
displacement amplitude of about 3 nm, which may be considered a
suitable value to obtain coherent UR (Bellucci et al., 2004; Tabrizi
et al., 2007). Moreover, the displacements obtained from the
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nished by FEM. A reasonable agreement between analytical and
numerical solutions also occurs for the stresses rxx and ryy at the
midplane of the CU, which have been plotted in Fig. 15. In partic-ular, it can be observed that due to the ﬁlm contraction produced
by the thermal variation, the axial stress rxx is compressive along
the layer midplane and it reasonably attains the maximum magni-
tude in the central zone of the CU.
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numerical solutions concerns the horizontal surface displace-
ments, and it occurs in correspondence of the ends of the strips,
since in these points the stress ﬁeld predicted by analytical solu-
tion is unbounded.
5. Conclusions
Analytic methods have been proposed to model the mechanical
behaviour of a CU with sub-millimetric period. This device consists
in a silicon lamina patterned with silicon nitride covers on its sur-
faces through chemical vapour deposition. Residual stresses are
generated during the fabrication process of the device due to the
effects of the thermal variation on the two materials, which have
distinct thermal expansivities, but also caused by the ﬁlm deposi-
tion process (Wolf et al., 2003). The thinness of the ﬁlm allows
neglecting its bending stiffness. Moreover, linear elastic and isotro-
pic behaviour under plane strain conditions is assumed both for
the substrate and the covers. The contact problem for a single cover
or periodically spaced covers bonded to a layer of ﬁnite thickness is
solved by using Fourier transforms or Fourier series expansions for
the displacement ﬁeld. The analytic analysis leads to an integral
equation which reduces to an inﬁnite system of linear algebraic
equations by expanding the shear stress in series of Chebyshev
orthogonal polynomials. The proposed models have been used to
evaluate the displacements of a CU with two ﬁlms on one face
and three on the other. The obtained analytical solutions largely
agree with the numerical results provided by FEM analysis, con-
ﬁrming that the proposed analytical models may represent an
accurate tool for the design of a CU. It should be noted that the val-
ues of ﬁlm stress provided by the proposed analytical models in
the central region of the strips are in large agreement with those
obtained by Stoney law. Moreover, the normal stress rxx in the sub-
strate far from the edges of the ﬁlms shows an almost linear trend
along the thickness and it attains values closed with those pre-
dicted by elementary beam theory.
In order to accurately model the mechanical behaviour of the
silicon and silicon nitride components, in a forthcoming work the
constitutive relations for both materials will be assumed aniso-
tropic. In particular, they will be modelled as linear elastic ortho-
tropic materials with cubic symmetry, characterized by three
material constants instead of the two material constants of the lin-
ear isotropic elasticity.Appendix A. Some useful relations involving special functions
The Chebyshev polynomials of the ﬁrst kind Tn(t) may be
deﬁned through the identity
TnðtÞ ¼ cos½narcosðtÞ; ðA1Þ
where 0 6 arcos(t) 6 p,n being the order of the polynomial. They
form a complete orthogonal set in the interval [1,1] with respect
to the weight function (1  t)1/2, namely
Z 1
1
TnðtÞTmðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p dt ¼
p=2 if n ¼ m–0;
p if n ¼ m ¼ 0;
0 if n–m:
8><
>: ðA2Þ
The Chebyshev polynomials of the second kind Un(t) are deﬁned by
UnðtÞ ¼ sin½ðnþ 1Þ arccos tsinðarccos tÞ ¼
T 0nþ1ðtÞ
nþ 1 ; ðA3Þ
where the apex denotes the derivative with respect to the variable t.
The polynomials Un(t) are orthogonal with respect the weight
(1-t)1/2, namelyZ 1
1
UnðtÞUmðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
dt ¼ p
2
dnm: ðA4Þ
By using deﬁnitions (A1) and (A4), making the substitution
t = cosh, the following deﬁnite integrals can be calculated:
Z 1
1
Uk1ðtÞdt ¼
2=k for k odd;
0 for k even;

Z 1
1
TiðnÞUk1ðnÞdn ¼ 2k=ðk
2  i2Þ for kþ i odd;
0 for kþ i even;
( ðA5Þ
Z 1
1
TnðtÞ
ðt  xÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p dt ¼ pUn1ðxÞ;
Z 1
1
Un1ðtÞ
ðt  xÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
dt ¼ pTnðxÞ;
ðA6Þ
Z 1
x
TnðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p dt ¼ 1
n
Un1ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p
;
Z 1
x
Un1ðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
dt ¼ tUn1ðxÞ  nTnðxÞ
n2  1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p
:
ðA7Þ
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terms of Chebyshev polynomials. In particular, by considering
Chebyshev polynomials of the ﬁrst kind, one has
gðxÞ ¼ C0 þ
X1
n¼1
CnTnðxÞ for j x j6 1; ðA8Þ
where
C0 ¼ 1p
Z 1
1
gðxÞT0ðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p dx;
Cn ¼ 2p
Z 1
1
gðxÞTnðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p dx ðnP 1Þ:
ðA9Þ
Sine and cosine functions can be expanded in terms of the Cheby-
shev polynomials according to the expression (A8) as follows:
cosðsxÞ ¼ J0ðsÞ þ 2
X1
k¼2;4;
ð1Þk=2JkðsÞTkðxÞ for j x j6 1;
sinðsxÞ ¼ 2
X1
k¼1;3
ð1Þðk1Þ=2JkðsÞTkðxÞ for j x j6 1;
ðA10Þ
where Jk(s) represents the Bessel function of the ﬁrst kind of order k.
Moreover, by using Eq. (A1), from expressions (A10) it follows:
cosðs cos hÞ ¼ J0ðsÞ þ 2
X1
k¼2;4;
ð1Þk=2JkðsÞ cosðkhÞ;
sinðs cos hÞ ¼ 2
X1
k¼1;3
ð1Þðk1Þ=2JkðsÞ cosðkhÞ:
ðA11Þ
Indeﬁnite integrals involving Bessel and trigonometric func-
tions have been used in the main text. For exampleZ 1
0
s1JnðsÞ cosðsÞds ¼
ð1Þn=2=n for n even;
0 for n odd:
(
ðA12Þ
Moreover, one ﬁndsZ 1
0
JnðsÞJkðsÞds ¼
ð1Þðjknj1Þ=2
2
;
Z 1
0
s1JnðsÞJkðsÞds ¼
2
p
ð1Þðkn1Þ=2
ðk2  n2Þ
for nþ k odd:
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